The in uence of propulsion system variations and elastic fuselage behavior on the ight control system of an airbreathing hypersonic vehicle is investigated. Thrust vector magnitude and direction changes due to angle of attack variations a ect the pitching moment. Low structural vibration frequencies may occur close to the rigid body modes in uencing the angle of attack and lead to possible cross coupling. These effects are modeled as uncertainties in the context of a robust control study of a hypersonic vehicle model accelerating through Mach 8 using H 1 and synthesis techniques. Various levels of uncertainty are introduced into the system. Both individual and simultaneous appearance of uncertainty are considered. The results indicate that the chosen design technique is suitable for this kind of problem provided that a fairly good knowledge of the e ects mentioned above is available. The order of the designed controller is reduced but robust performance is lost which shows the need for xed order design techniques.
Introduction
Hypersonic atmospheric ight will be one of the most challenging e orts undertaken by aerospace scientists at the end of this century. Aerospace vehicles have to perform in speed ranges from subsonic to hypersonic up to Mach 25, and therefore will encounter a variety of e ects that have not been addressed before in the development of one single vehicle. One of the most crucial aspects will be a strong interaction between aerodynamics, structure, and propulsion system and their impact on performance, guidance and control characteristics 1].
In hypersonic propulsion, unlike present subsonic/supersonic engines, the entire vehicle aerodynamic con guration must be considered as part of the propulsion system. Before reaching the inlet the external ow will be compressed along the forebody, and after leaving the combustor the aftbody is utilized as an external nozzle. Changing the angle of attack for control purposes alters these ow elds and results in variations in thrust vector magnitude and direction in uencing stability and control of the vehicle. The most sensitive quantity in this respect is the pitching moment 2], the control of which is vital to stabilize typically long and slender bodies of aerospace vehicles at this speed regime.
The need for a low structural weight mass fraction introduces relatively low structural vibration frequencies. Signi cant elastic-rigid body mode interactions are likely to occur imposing additional requirements on the ight control system. Additionally, bending of the forebody in uences the ow conditions at the inlet which propagates through the engine and together with the elastic deformation of the aftbody again affects the thrust vector 3]. Determination of the elastic mode shapes will be highly uncertain.
These features, among others, illustrate the necessity of designing a robust, highly integrated ight control system for future hypersonic vehicles with airbreathing propulsion systems. In this paper, uncertainty models are developed to address the two major e ects mentioned above, and, together with additional uncertainty on the control e ectiveness, their impact on achievable robust performance is investigated. This is done within the context of a ight control system design using -synthesis design techniques. The uncertainty modeling is described, and a sensitivity study of achievable robust performance to the uncertainty level is carried out. In an additional design step the order of the obtained controller is reduced using several di erent methods, and a comparison with the full order design is presented.
Brief Review of -Synthesis
This section provides a concise summary of the general framework of -synthesis in order to de ne the terminology used in the paper. A thorough discussion on H 1 and control theory is provided in Refs. 4]-6].
The framework for robust control design is illustrated in Fig. 1 . P is the generalized plant, K denotes the controller, and represents the uncertainties on the system due to parameter variations, unmodeled dynamics, nonlinearities and various assumptions. The input vector, d, denotes all external Figure 1 : Framework for robust control design. disturbances acting on the plant, such as commands, disturbances and sensor noise. The output vector e contains the regulated performance variables. Feedback measurements are denoted by the vector y, and u represents the control vector that is the input to the plant actuators. The inputs and outputs corresponding to the uncertainties in the system are w and z, respectively. The input disturbances and uncertainties are normalized to unity bounds by constant or frequency dependent weights, which are incorporated into the generalized plant, P. The uncertainty is considered to be complex with a block diagonal structure consisting of s scalar blocks and f full blocks = diagf 1 I r1 : : : s I rs , 1 : : : f g (1) where i 2 C; j 2 C mj mj :
(2) The bounded set is de ned as = f : j i j , ( j ) g = f : ( ) g (3) If the controller is wrapped into the plant P, the resulting system M is de ned by the lower Linear Fractional Transformation M = F l (P; K) = P 11 + P 12 K(I ? P 22 K) ?1 P 21 (4) This de nes the analysis structure which is shown in Fig. 2 . It is assumed that M is stable.
To account for the structure in the uncertainty , the Structured Singular Value (M 11 ) is introduced which is de ned by (M 11 ) = 
Note that the -measure is not a norm and depends both on M and the structure of . With these preliminaries stated the concepts of performance, stability, and robustness can now be addressed. Referring to Fig. 2 , in -synthesis the performance output e is scaled so that nominal performance (NP) is said to be satis ed if the disturbance attenuation condition kM 22 k 1 < 1 (7) is satis ed. In Eq. (7) the H 1 -norm is de ned as
Robust stability (RS) is satis ed if and only if (i ) kM 11 k < 1 ; 2 1 :
For unstructured uncertainty, the -measure equals the H 1 -norm. The robust performance problem is converted into an equivalent robust stability problem by augmenting the uncertainty block with a ctitious full uncertainty block p as shown in Fig. 3 (14) u = e = symmetric elevon (deg) fuel equivalence ratio (-)
Since the linear model is obtained at a nonequilibrium ight condition where the vehicle acceleration is non-zero, it should be noted that the state and control variables are perturbation quantities representing deviations from a climbing and accelerating ight condition. This model represents pure rigid body dynamics and therefore does not account for any aeroelastic e ects. Also, the propulsion system model used for the Winged-Cone Con guration does not include sensitivity to angle of attack variations. On the other hand, these e ects are considered crucial for vehicle stability and control and will be treated in this paper as uncertainty.
The interconnection structure for the controller design used in this study is shown in Fig. 4 and has been derived from the design in Ref. 8] . Velocity, altitude, normal acceleration, pitch rate, and pitch attitude are the fedback variables. Normal acceleration is determined by n z = V 0 57:3g ( _ ? q) (16) where V 0 is the velocity at the ight condition for which the linear model was obtained, 57.3 is the conversion from radians to degrees, and g is acceleration due to gravity. Control actuator dynamics are represented by rst order lters with 30 rad/sec bandwidth for elevon and 100 rad/sec bandwidth for fuel equivalence ratio. The design is carried out as a velocity and altitude command tracking system. Additional disturbances include Dryden turbulence models and sensor noise.
The turbulence spectrum is de ned by the weights
for longitudinal and
for vertical wind gusts 9]. For the reference altitude used in this study 10] u = 10:8 ft=sec; w = 6:88 ft=sec; (19) L u = 65574 ft; L w = 26229 ft:
(20) Turbulence introduces the gust quantities V g , g and _ g into the system (see Fig. 4 and Appendix). A measurement weight W noise = 10 ?6 I 5 (21) is imposed on the fedback variables.
The weighting functions on velocity and altitude error re ect speci c performance requirements and were 
The uncertainties appearing at various locations in the diagram in Fig. 4 will be addressed in the following section.
Uncertainty Modeling
Aerospace vehicles in hypersonic ight regimes will typically utilize scramjet propulsion systems which are highly integrated into the airframe. This results in an increased sensitivity to variations in angle of attack 11]. The most important impact of these propulsive perturbations is on the pitching moment leading to signi cant control surface de ections to stabilize the vehicle 2]. This phenomenon is addressed as parametric uncertainty in the pitching moment sensitivity to angle of attack variations, c M . The uncertainty is represented by a scalar perturbation to the nominal model. This perturbation can be rearranged to obtain input and output quantities w and z . in this case is a scalar since only one parameter is per- (31) It should be noted that this approach leads to a conservative representation since it also permits complex perturbations in real aerodynamic coe cients. This uncertainty is labeled \uncertainty 1" in Fig. 4 .
Signi cant coupling between the elastic and rigid body modes is expected for this vehicle type which has to be considereed in the design of a ight control system. Moreover, fuselage bending a ects propulsion system performance which in turn in uences the rigid body ight dynamics or even excites the elastic modes 3]. Since the model used in this study comprises only rigid body dynamics and no aeroelastic information on the Winged-Cone Accelerator was available a simple yet concise method had to be developed to introduce aeroelastic e ects as uncertainty into the rigid body behavior.
A second order transfer function was derived exhibiting elastic deformations of a long, slender, uniform body caused by a force P(s) suddenly applied at a certain location of the body, x p 12]:
i (x; s) is the angle by which the deformed body is de ected from its original shape due to the i th elastic mode, i (x) is the mode shape function of the i th elastic mode, i and ! i are the corresponding damping ratio and natural frequency, respectively, and M i is the modal mass de ned by
where m(x) is the mass distribution and L the length of the body. In the case of the Winged Cone Vehicle structural excitement is caused by lift increments due to elevon de ections:
where q is the dynamic pressure for the given ight condition, S ref the reference area, and @c L;da /@ e the sensitivity of the lift coe cient of one elevon to the elevon de ection. This was graphically determined from Ref. 7] . The body de ection angle (x; s) can also be interpreted as change in the angle of attack (x; s) due to elastic deformation. As mentioned above, angle of attack perturbations a ect the rigid body dynamics via the propulsion system, thus the transfer function given in Eq. (32) is evaluated at the location of the inlet entrance. The resulting estimation of the angle of attack variation due to exible body motion excited by elevon de ections is then fed as uncertainty into the rigid body model, using the second column of the nominal plant A matrix (see Fig. 4 and Eq. (14)).
Unfortunately, no information on the mode shapes i (x) of the Winged-Cone Accelerator was available for this study. So the rather crude assumption of a uniform beam with both ends free was chosen to model the elastic mode shapes. The analytical solution to this problem can be found in any textbook on structural dynamics (e.g. 12]). The natural frequencies are taken from a generic NASP con guration investigated in Ref. 13 ]. The rst three fuselage bending modes of the unheated vehicle are considered and are given by ! 1 = 2.95 Hz, ! 2 = 5.72 Hz, and ! 3 = 7.74 Hz. The damping ratio for structural vibration modes is typically small and was chosen to be i = 0.01 for all three frequencies. The frequency response of the resulting exible mode function in Eq. (32) is shown in Fig. 5 . Due to the \uniform beam" approximation an ampli cation was necessary to achieve a reasonable response magnitude which in this case translates into 0:25 peak uncertainty in for a 1 sinusoidal variation in elevon at ! = ! 1 . Also given in Fig. 5 is the response of the rigid body due to elevon de ections and a cover function which was used for the controller design. The cover function is given by The e ect of aerodynamic heating during highspeed ight through the atmosphere on the elastic characteristics of a hypersonic vehicle was addressed in Ref. 13 ]. One conclusion was that for increasing aerothermal heating loads (related to increasing Mach numbers) the natural frequencies of the fuselage bending modes decreased. This envokes the potential of rigid/elastic body mode coupling. Although the longitudinal model used in the present study accounts only for one Mach number, this e ect will be considered by letting the frequencies of the elastic modes vary from 100% to 60% of their values for the unheated vehicle. The cover function used for the controller design was tted accordingly by adjusting the parameters from . One feature of the elastic mode approximation used in this study is the fact that for decreasing frequencies the peak value of its frequency response increases. Thus, the closer the elastic modes get to the rigid body frequencies, the more uncertainty in the angle of attack is inserted into the system. This uncertainty is labeled \uncertainty 2" in Fig. 4 . The third type of uncertainty introduced into the system is uncertainty on the control e ectiveness in both elevon and equivalence ratio control channels, depicted \uncertainty 3" and \4" in Fig. 4 . The uncertainties are represented multiplicativelyaround the actuators and occur simultaneously. This issue was already addressed in Ref. 8] using constant levels of uncertainty, here, the uncertainty weight on each channel is modeled as W act = k act (s + 10) s + 1000 (36) to account for increasing uncertainty with increasing frequency at the plant input. k act determines the uncertainty level for low frequencies.
Preliminary Sensitivity Studies
Before analyzing the impact of the various uncertainties introduced in the previous section on the achievable robust performance, an H 1 -controller for the nominal model without any uncertainty is designed in order to scale nominal performance. The 1-norm from disturbances to errors disregarding uncertainty for the closed loop system was kT ed k 1 = 0:78.
In a rst series of investigations only the e ect of parameter uncertainty in c M was addressed. For a variety of uncertainty levels an H 1 -controller was designed and a series of succesive D-K iterations lead to the nal -controller. Fig. 6 shows the curves for the upper bound on the values representing robust performance bounds of the system for designs with 25%, Similar to the c M uncertainty study, investigations with respect to the angle of attack uncertainty due to fuselage bending were carried out. As discussed in the previous section, the frequency range over which the exible modes occur is varied to account for aerodynamic heating e ects. Robust performance bounds for angle of attack uncertainties speci ed in Table 1 are shown in Fig. 7 . Again, robust performance was achievable in all cases. However, the results indicate that achievable robust performance is very sensitive to the frequency of the rst exible mode.
The last uncertainty representation to be analyzed is the simultaneously occuring uncertainty in the actuators. Low frequency uncertainty levels of 10%, 20% and 30% were imposed on the control e ectiveness. The corresponding robust performance bounds are depicted in Fig. 8 . Note that robust performance is not achievable at the 30% level. The simultaneous presence of two uncertainties clearly reduces the level of obtainable robust performance. However, it should be noted that uncertainty in controlling thrust may be less than that for controlling pitching moment. The sensitivity studies indicate that uncertainty in c M is not as critical as uncertainty in or in the control e ectiveness. The e ect of propulsion system variations on the pitching moment due to angle of attack changes of the rigid body are not potentially \dangerous" for the stability of the vehicle. Flexible fuselage bending becomes more important the closer the elastic frequencies get to the rigid body frequencies. Uncertainty in the control e ectiveness is also crucial for higher uncertainty levels at low frequencies. These results illustrate the trends when the uncertain e ects appear one at a time. A design allowing for mutual coupling is investigated in the following section.
Design for Robust Performance
A -controller for all types of uncertainty being present simultaneously was designed. The results of a design with 25% uncertainty in c M , uncertainty in the angle of attack corresponding to case 1 in Table 1 , and 10% uncertainty in the actuators are illustrated in Fig. 9 . Robust performance is achieved at all frequencies. The time responses for the nominal model (Figs. 10 and 11 ). Both meet the performance requirements. The altitude curve exhibits a little`dip' towards the end which is due to in uence of turbulence. The magnitudes of the variations in angle of attack, normal acceleration, elevon de ection and fuel ow are reasonable considering the level of turbulence present in the simulation. Figs. 12-15 illustrate the e ect of turbulence on the system. Fig. 13 shows that turbulence causes a 0.05g variation in the normal acceleration sensed by the pilot. This can be reduced by penalizing n z in the design at the expense of increasing the bandwidth of the pitch loop and increasing the coupling with the exible mode.
The singular values of the loop transfer function with the loop broken where velocity and altitude are fedback to the controller are shown in Fig. 16 and perturbed design (dash). perturbed system using the -controller to the nominal response of the H 1 design. The perturbations that are introduced into the system were chosen to be the worst case and of the same magnitude as those for which the -controller was designed. Figs. 17 and 18 illustrate that H 1 performance can be maintained by a -controller for a system with four simultaneous perturbations.
The e ects of the uncertainties cannot be considered seperately. Uncertainty in control e ectiveness changes the elevon de ections a ecting the angle of attack changes due to exible body bending. This variation in adds to the rigid body angle of attack which again in uences the impact of the propulsion system on the pitching moment. Obviously, coupling between the individual e ects occurs a ecting and possibly amplifying the uncertain characteristics. When a controller design for higher levels of uncertainty is performed, robust performance cannot be achieved (see Fig. 19 ). 100% uncertainty in c M , uncertainty in correponding to case 3 in Table 1 and 20% uncertainty in control e ectiveness were used. design with increased uncertainty levels. These values allowed robust performance in the individual designs. Still, with a maximum value of the robust performance bound at around 1.35, the result is not \devastating". Robust stability is maintained.
Controller Order Reduction
The order of the -controller accounting for all uncertainties is 38. The vehicle was represented by a ve state longitudinal model, and the generalized plant including all frequency dependent weights for performance and uncertainty is 16 th order. Designing for robust performance considering structured uncertainty (D scaling) increased the order of the controller considerably. When implemented, large order controllers can create time delays which may be undesirable. One solution to this problem is to use model order reduction on the controller realization. This method, though, does not consider the properties of the closed loop system when reducing the order of the controller, i.e. robustness properties are not guaranteed.
To investigate this issue, an order reduction of the Another approach to design low order compensators is to constrain the order of the controller in the design process, and promising results have been achieved in Refs. 16] and 17]. This technique combined with the framework of synthesis will be addressed in future research.
Conclusions
A control study of an hypersonic vehicle with airbreathing propulsion has been performed in this paper. Special consideration is given to modeling the uncertainty due to propulsive and aeroelastic e ects and control e ectiveness. The impact on achievable robust performance was examined. A sensitivity study of robust performance achievable with various levels of uncertainty shows that exible fuselage bending and uncertainty in control e ectiveness have a greater impact on achievable robust performance than propulsion system variations due to angle of attack changes. A design example for robust performance illustrated that H 1 and -synthesis is ideal for addressing the problem of multiple uncertainty sources present in ight control systems. Acceptable uncertainty levels degrade when all uncertainties occur simultaneously. This implies that uncertainty modeling will play a crucial role in successful ight control system design for hypersonic vehicles.
An order reduction of the resulting controller discloses that robust performance is not guaranteed for the reduced order system. Future research will focus on xed order controller design and the issue of treating real parameter uncertainty.
The elements in B g are the corresponding elements of the A matrix. The pitch rate due to gust q g can be expressed in terms of the angle of attack rate :
